Abstract. Ng constructed an invariant of knots in R 3 , a combinatorial knot contact homology. Extending his study, we construct an invariant of surface-knots in R 4 using diagrams in R 3 .
Introduction
Topological invariants of knots in R 3 are constructed by Ng [9] , [10] , [11] , [12] , in a combinatorial method. These invariants are equivalent to the knot contact homology, constructed by Ekholm, Etnyre, Ng, Sullivan [5] in symplectic topology, and extended by Cieliebak, Ekholm, Latschev, Ng [4] . The knot contact homology detects several classes of knots [7] , and an enhancement of the knot contact homology is a complete invariant of knots [6] .
A surface-knot F is a closed connected oriented surface embedded locally flatly in R 4 . For a projection π : R 4 → R 3 , we may assume that the projection π| F is generic, that is, π| F has double points, isolated triple points and isolated branch points in the image as its singularities. A diagram of F is a generic projection π(F ) equipped with a height information with respect to π. Extending Ng's construction of knot invariants, we define, in §2 and §10, differential graded algebras (CR εδ (D), ∂) associated with a diagram D of F , where ε, δ ∈ {+, −}. Let D denote a diagram of a surface-knot F in R 4 . Theorem 1.1 shows that the stably tame isomorphism class of (CR εδ (D), ∂) is an invariant of F , which we denote by (CR εδ (F ), ∂). Therefore the homology of (CR εδ (F ), ∂) is an invariant of F , which we denote by HR εδ (F ) and call Roseman homology. In § §3-9, we give a proof of Theorem 1.1 when (ε, δ) = (−, −). The cases when (ε, δ) = (−, +), (+, −), (+, +) are proved similarly. In §11, we show that at least three of the four differential graded algebras (CR −− (F ), ∂), (CR −+ (F ), ∂), (CR +− (F ), ∂), (CR ++ (F ), ∂) are distinct when F is the 2-twist spun-trefoil, and that they distinguish the spun-trefoil [1] from the 2-twist spun-trefoil [16] . Theorem 1.2. Let F denote the 2-twist spun-trefoil in R 4 . Then (CR −− (F ), ∂) is not stably tame isomorphic to (CR εδ (F ), ∂), where (ε, δ) = (−, +), (+, −), (+, +). Moreover, (CR ++ (F ), ∂) is not stably tame isomorphic to (CR −+ (F ), ∂), (CR +− (F ), ∂).
The author is partially supported by JSPS KAKENHI Grant number 15K04865. Ng and Gadgil [10] defined a cord ring for codimension-2 submanifolds, and they proved the following.
Theorem 1.4. [10]
The cord ring distinguishes between the unknotted S 2 in S 4 and the spunknot obtained from any knot in S 3 with non-trivial cord ring.
The cord ring using generic near homotopy of cords calculates the 0-dimensional part of Roseman homology HR εδ (F ). A direct calculation shows the following. In particular, the 0-dimensional Roseman homology does not distinguish T 2 (2, 3) from T 0 (2, 3). We notice that HR εδ 0 (F ) does not see triple points in the diagram of F .
Definition
A surface-knot F is a closed connected oriented surface embedded locally flatly in R 4 . For a projection π : R 4 → R 3 , we may assume that π| F is generic, that is, π| F has double points, isolated triple points and isolated branch points in the image as its singularities. A diagram of F is a generic projection π(F ) equipped with a height information with respect to π that is indicated by removing regular neighborhoods of double points in the lower component. We refer to [2] and [3] for details. A diagram is regarded as a disjoint union of compact oriented surfaces, each of which is called a sheet. We indicate an orientation of a surface-knot on its diagram by assigning its normal direction − → n , depicted by an arrow, to each sheet of the diagram so that the ordered triple ( − → v 1 , − → v 2 , − → n ) agrees with the orientation of R 3 , where the ordered pair ( − → v 1 , − → v 2 ) denotes the orientation of the surface F . See Figure 1 .
Roseman [13] introduced seven types of moves on diagrams of surface-knots, called Roseman moves. Yashiro [15] showed that one of them is obtained from the others. Roseman's theorem, after Yashiro's modification, is stated as follows. Let k denote a label on a branch point of positive sign of D. See Figure 1 . The double curve emanating from the branch point is labeled by dc k , and the sheet around the branch point is labeled by sh k .
A unital graded algebra CR εδ (D) over Z (ε, δ ∈ {+, −}) is generated by the group ring Z[µ, µ −1 ] in degree 0, along with the following generators: 
We extend the differential ∂ by linearity over Z, and the signed Leibniz rule: ∂(vw) = (∂v)w + (−1) degv v(∂w). It is straightforward to see that the equation ∂ • ∂ = 0 holds on generators of CR −− (D). In §10, we define differentials on generators of
A tame isomorphism is a composition of elementary isomorphisms. Let (E i , ∂ i ) be the tensor algebra on two generators e The degree-i algebraic stabilization of a differential graded algebra (A, ∂) is the coproduct of A with E i , with the differential induced from ∂ and ∂ i . The inverse operation of the degree-i algebraic stabilization is a degree-i algebraic destabilization. Two differential graded algebras (A 1 , ∂ 1 ) and (A 2 , ∂ 2 ) are stably tame isomorphic if they are tame isomorphic after some number of algebraic stabilizations and destabilizations of (A 1 , ∂ 1 ) and (A 2 , ∂ 2 ).
Let (A, ∂) be a differential graded algebra, where A = Z a 1 , · · · , a n , and let I denote a twosided ideal in A generated by {∂a i | i = 1, · · · , n}. A characteristic algebra C(A) of (A, ∂) is defined to be the algebra A/I. See [8] . Two characteristic algebras A 1 /I 1 and A 2 /I 2 are tamely isomorphic if we can add some number of generators to A 1 and the same number of generators to I 1 , and similarly for A 2 and I 2 , so that there is a tame isomorphism between (A 1 , ∂) and (A 2 , ∂) sending I 1 to I 2 . In particular, tamely isomorphic characteristic algebras are isomorphic as algebras. A stabilization of (A, ∂) adds two generators e 1 , e 2 to A and one generator e 2 to I; therefore A/I changes by adding one generator e 1 and no relations. Two characteristic algebras A 1 /I 1 and A 2 /I 2 are equivalent if they are tamely isomorphic, after adding a possibly different finite number of generators to A 1 and A 2 but no additional relations to I 1 and I 2 . It follows that if two differential graded algebras are stably tame isomorphic, then their characteristic algebras are equivalent. The diagram of D 2 in Figure 2 shows that the differential of (CR −− (D 2 ), ∂) on generators is described as follows. 1)a 11 (1, 2) , ∂a
Roseman move III
where i ∈ {3, · · · , n}, x, y ∈ {1, · · · , m}, p, q ∈ {1, · · · , t}, k, l ∈ {1, · · · , b}.
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bb (k, l), where i = j ∈ {1, · · · , n}, x, y ∈ {0, 1, · · · , m}, w, z ∈ {1, · · · , m}, p, q ∈ {1, · · · , t}, k, l ∈ {1, · · · , b}. For example, from the equation
b1 (k, 0) = 0, and
. We eliminate pairs of generators (a Proof. Three pieces of F with three different heights, top, middle and bottom, are involved in the Roseman move. We suppose that the top sheet looks moving, and that the middle and the bottom sheets look fixed. Considering directions of positive normals to the top sheet and the middle sheets, there are four cases to study, as illustrated in the upper two rows of Figure  4 . We study the case illustrated in the lower two rows of Figure 4 . Other cases are studied similarly. Let t + 1 and t + 2 denote labels on triple points of D 2 created by the move. See Figure 4 . Let 1, 2, 3, m + 1, m + 2, m + 3, m + 4 denote labels on double curves of D 2 involved in the move, and let 1, 2, 3, 4, 5, n, n + 1, n + 2 denote labels on sheets of D 2 involved in the move. Perform a sequence of destabilizations on (CR −− (D 2 ), ∂) along m + 2 → n+ 1, t + 1 → m + 1, m + 3 → n + 2, and t + 2 → m + 4 in this order, and we obtain a differential graded algebra that is isomorphic to ( Proof. There are two cases to study: the sheet containing the branch point of positive sign is either the under-sheet, as illustrated in the first row of Figure 5 , or the over-sheet, as illustrated in the second row of Figure 5 . In each case, considering the direction of the positive normal to the over-sheet, there are two cases to study. We study the case illustrated the first row in Figure 7 .
Proof. Four pieces of F with four different heights, top, upper-middle, lower-middle, bottom, are involved in the Roseman move. We suppose that the bottom sheets look moving, and that sheets with other three heights look fixed. See Figure 6 . The bottom sheets are indicated by intersections with other sheets around the triple point. Considering directions of positive normals to the top, upper-middle and lower-middle sheets around the triple point, there are 8 cases to study, as illustrated in Figure 6 . We study the case illustrated in Figure 7 . Other cases are studied similarly. 
